We analyze the Michelson-Morley experiment in a reference frame moving with constant proper acceleration. Interestingly, we find an expected fringe shift which depends not only on the interferometer's rate of acceleration, but also on its speed relative to a preferred absolute reference frame. While it has been repeatedly shown that no experiment performed in an inertial reference frame can detect that frame's absolute speed, the analysis in this paper suggests that by considering experiments in accelerated reference frames it may be possible to measure absolute speed after all.
Introduction
The Michelson-Morley experiment [1] is one of the classic experiments in the history of physics. Its original purpose was to measure the speed of the earth through the luminiferous ether by measuring the shift of interference fringes in an interferometer. The ether was, at the time, believed to be the medium through which light waves traveled at speed c. It was assumed that the earth was moving at some speed v relative to the lumiferous ether. The only property of the ether that concerns us here is that it is a unique preferred reference frame in which light travels at the same speed in all directions. In our analysis we will make reference to this absolute reference frame and leave all references to the luminiferous ether to the past. Fig. 1 shows the light paths through the interferometer. The experiment involves sending a beam of light from a source s, splitting the beam at a so that it follows two perpendicular paths abd and acd, recombining the beams at d, and observing the resulting interference fringes at o. A classical calculation shows that the motion of the earth at speed v relative to the absolute reference frame should cause the light traveling along a path parallel to the direction of motion to take slightly longer than light traveling along a path perpendicular to the direction of motion, the difference in travel time being
to second order in v/c; L is the length of the interferometer arms. By rotating the interferometer through ninety degrees, Michelson expected to see a net shift of interference fringes equal to 0.4 fringe. What he measured was at most 0.01 fringe shift. This is generally interpreted as a null result. The analysis of this experiment is based on two implicit assumptions: (1) there exists an absolute reference frame in which light travels at a constant speed c = 3.00 × 10 8 m/s relative to this reference frame, and (2) the geometry of the interferometer is not changed by its motion. These assumptions play a pivotal role in the two alternative explanations for the null result obtained in the experiment.
The first explanation was proposed by Fitzgerald [2] and Lorentz [3] . They chose to abandon the second assumption. They pointed out that if the arm of the interferometer in the direction parallel to the direction of motion shrank by a factor of 1 − v 2 /c 2 that the expected fringe shift would be exactly canceled, resulting in the observed null result. They interpreted this shortening of the interferometer arm as an actual physical shortening. Although Lorentz gave a reasonable justification for this physical shortening in terms of his theory of the electron, this explanation was generally considered ad hoc and did not gain general acceptance.
The second explanation was presented by Einstein who chose on philosophical grounds to abandon the first assumption, simply assuming the non-existence of an absolute reference frame. It is an important point, however, that the special theory of relativity, though consistent with the non-existence of an absolute reference frame, does not prove this non-existence, only the impossibility of detecting it from an inertial reference frame [4] .
The traditional analysis of the Michelson-Morley experiment assumes that the observer and his interferometer are in an inertial reference frame, moving at a constant speed v relative to the absolute reference frame. The failure of the traditional analysis of the Michelson-Morley experiment to measure this speed, and the subsequent success of special relativity, which raises the constancy of the speed of light to the level of a fundamental postulate, demonstrate the difficulty of measuring the observer's absolute speed by performing any experiment in an inertial reference frame.
But it is well known that while constant velocity motion is relative, accelerated motion is absolute. Two space travelers can be accelerating relative to each other while only one (the one with his rockets firing) is pushed back into his seat. The ability to detect absolute acceleration mechanically suggests the possibility of detecting absolute acceleration optically as well using, for example, a MichelsonMorley interferometer. This idea gains support from statements made by Desloge and Philpott [5] ,
In an inertial frame, distances measured with standard rods and distances made with light signals give identical results. Furthermore, the clocks of the individual observers making up an inertial frame can be synchronized and will remain synchronized. Neither of the above facts is true for an accelerated frame.
and by Giannoni and Grøn [6] , We see that these two situations, one with acceleration of the clocks and the other with the acceleration of the observer, which are identical as to the relative movements between clocks and observer, nevertheless are physically different. In the former case, the clocks do not maintain their Einstein synchronization, while in the latter case they do so. This illustrates that absolute acceleration has an empirical and purely kinematical significance in the special theory of relativity which is lacking in Newtonian physics.
More simply, since it is well established that material objects cannot travel faster than the speed of light, a boost given to a moving object in the forward direction will produce a smaller change of velocity than a boost in the backward direction. In the Michelson-Morley experiment light travels in both the forward and backward directions and the degree to which the acceleration of the interferometer's reference frame affects the forward and backward travel times depends on the speed of the interferometer. The resulting fringe shift in the interferometer therefore depends not only on the interferometer's acceleration but also on its absolute velocity. This makes it possible, in principle at least, to measure absolute velocity using an interferometer in an accelerated reference frame.
Kinematics of a Michelson-Morley interferometer in an accelerated reference frame
In this paper we make the assumptions that (1) a preferred reference frame exists in which the speed of light is uniform in all directions, and (2) length contraction is a physically real phenomenon and depends on an object's speed relative to this preferred reference frame. The first assumption has found support in recent work by Cahill and Kitto [7] ; and the second in the book by Brown [8] and a recent paper by Barcelò and Jannes [9] . We analyze a Michelson-Morley type experiment performed in a reference frame which is accelerating relative to this preferred reference frame at a rate which is constant relative to instantaneously co-moving inertial frames, otherwise known as constant proper acceleration. Reference frames with constant acceleration relative to instantaneously co-moving inertial frames have been thoroughly investigated [10, 11, 12, 13, 5] . The motion of a point object with constant proper acceleration g is referred to as hyperbolic motion and is described by the equation
where the initial conditions x = c 2 /g and v = 0 at time t = 0 have been chosen. Thus the position of this point object as a function of time is
The velocity of this point object as a function of time is
which is easily inverted to get t as a function of v,
This last equation will be useful for explicitly showing the velocity dependence of our results.
For an extended object, such as the arm of a Michelson-Morley interferometer, the different points of the object along the direction of motion will necessarily have different accelerations because of the effects of relativistic length contraction as the object's velocity changes. The various points along an extended object move along a family of hyperbolas described by the equation
where X is a parameter identifying the location of each point at t = 0. When we consider the Michelson-Morley experiment in an accelerated reference frame, we must therefore be careful to identify which point of the interferometer is moving with constant proper acceleration. We choose the beamsplitter as this point. If we orient the interferometer so that it is moving in the positive x direction (to the right in Fig. 1) , with one arm parallel to the direction of motion and ahead of the beamsplitter, then the left end of the parallel arm and both ends of the perpendicular arm share the same x coordinate and have motion described by the equation
or
The right end of the parallel arm with proper length L will be located at x = c 2 /g+L at t = 0. Its motion will be described by the equation
We assume that both arms have proper length L and we can therefore identify the coordinates of the three key points of the interferometer as functions of time (as measured in the rest frame): beamsplitter at (x L (t), 0), far end of perpendicular arm at (x L (t), L), and far end of the parallel arm at (x R (t), 0). Light entering a Michelson-Morley interferometer will, in general, return to the beamsplitter at different times depending on the travel times along the two arms. The difference between the return times can be used to calculate the phase shift in an interferometer moving with constant velocity but this method introduces a small error in the accelerated case. When an experiment is performed, interference is observed between the two lightbeams returning to the beamsplitter at the same time. We take this time, which we will call t m (time of measurement), as our reference time and calculate backwards to find the difference in times of entry into the beamsplitter. Besides giving a rigorously correct calculation of the travel time difference, this also allows us to identify unique values of the standard relativistic parameters β and γ as those pertaining to the time t m ,
There are no restrictions on the value of t m and we want to consider the general case with t m = 0 such that the interferometer has a nonzero velocity given by equation (4) . Furthermore, we want to consider t m as a parameter and to solve for light travel times in terms of t m , thereby encoding the velocity dependence of the result. After solving for the travel times along each arm, we will make this velocity dependence explicit by using equation (5). We consider first light traveling along the perpendicular arm, with light entering the beamsplitter at point a at time t 1 , being reflected from the far mirror at point b at time t 3 , and returning to the beamsplitter at point d at time t m . Working backward in time, light traveling from b to d takes time c(t m − t 3 ). Time t 3 therefore must satisfy the equation
This can be written as an equation in t 3 using equation (8),
The solution of this equation for time t 3 is quite intricate, so we give an outline of the solution here. We introduce the (small) dimensionless parameters
which transforms equation (13) into a dimensionless equation,
It is convenient to also define the quantities
which simplifies the equation even further,
By expanding the last term, rearranging, and squaring the resulting equation, we get a polynomial equation in T 3 of degree 4,
This quartic equation is then solved using a power series expansion of T 3 in powers of α, solving for the coefficients of this power series (which are functions of T m ), then grouping terms into recognizable power series involving α and T m . The result of this is the exact solution of equation (18),
To restore dimensioned quantities we observe that, using equation (5), 1 + T 2 m = γ and T m = βγ, and we get
Light traveling from point a to point b takes time c(t 3 − t 1 ). Time t 1 therefore must satisfy the equation
which can be written as an equation in t 1 using equation (8),
Following a procedure similar to the one above, we convert this to a dimensionless equation,
expand the last term, rearrange, and square the resulting equation to get a polynomial equation in T 1 of degree 4,
The exact solution of equation (24) is
which in dimensioned quantities gives
The total light travel time along the perpendicular arm is t perp = t m − t 1 :
Now consider light traveling along the parallel arm, with light entering the beamsplitter at point a at time t 2 , being reflected from the far mirror at point c at time t 4 , and returning to the beamsplitter at point d at time t m . Working backward in time, light traveling from c to d takes time c(t m − t 4 ). Time t 4 therefore must satisfy the equation
This can be written as an equation in t 4 using equations (8) and (10),
We again transform this to a dimensionless equation,
We define the dimensionless parameter
By squaring, rearranging, and squaring again, we get a polynomial equation in T 4 of degree 4,
The exact solution of equation (33) is,
Restoring dimensioned quantities we get
Light traveling from point a to point c takes time c(t 4 − t 2 ). Time t 2 therefore must satisfy the equation
This can be written as an equation in t 2 using equations (8) and (10),
square, rearrange, and square again to get a polynomial equation in T 2 of degree 4,
The exact solution of equation (33) is
The total light travel time along the parallel arm is t par = t m − t 2 :
(43) The difference in light travel times between the perpendicular arm and the parallel arm is ∆t = t perp − t par = t 2 − t 1 :
This is an exact solution, but it obscures the dependence on the acceleration α because the terms that are lowest power in α cancel. To see the dependence of ∆t on α we expand the square root and inverse square terms in power series and get
or, keeping only the leading terms,
The analysis above has been done in the rest frame. To determine the fringe shift observed by the experimenter in the moving reference frame we need to correct for relativistic time dilation, noting that ∆t = γ ∆τ , where ∆τ is the proper time interval as measured in the experimenter's moving reference frame,
Upon rotating the interferometer through ninety degrees (which doubles the total fringe shift) and using light of proper wavelength λ, this produces a total observed fringe shift of
We note two properties of the fringe shift given by equation (48). First, it reduces to the observed null result when the interferometer is moving at constant velocity (α = 0). Secondly, and more importantly, the phase shift depends not only on the rate of acceleration but also on the absolute velocity (β = v/c) of the interferometer.
Feasibility of experimental measurement of absolute velocity
For easily accessible values of v and g the expected fringe shift according to equation (48) is, unfortunately, quite small. For a comfortable acceleration of 10 m/s 2 and an interferometer arm length of 10 m, the dimensionless acceleration parameter α is approximately 10 −15 ; for a speed of 370 km/s (Earth's speed relative to the cosmic microwave background), the dimensionless velocity parameter β is approximately 10 −3 ; and for visible light the the quantity 2L/λ is approximately 3 × 10 8 . For these values, the three terms in equation (48) are of order 10 −8 , 10 −23 , and 10 −25 fringes respectively. This makes experimental determination of absolute velocity especially challenging, to say the least. Further complicating the problem are the mechanical stresses induced by acceleration which will cause a mechanical compression of the interferometer arm, however this can presumably be measured and compensated for.
More extreme values of acceleration, speed, and interferometer arm length could be considered, but it is difficult to imagine an experimental situation in which the velocity dependence of the fringe shift would be large enough to be detectable.
Conclusions
We conclude that it is possible in principle (though exceedingly difficult in practice) for an observer to measure his speed relative to the absolute reference frame by performing the Michelson-Morley experiment in an accelerated reference frame. This is made possible because of the coupling of velocity and acceleration that results from the asymmetry of the effects of acceleration in a moving reference frame. In other words, because there is an upper limit to achievable speeds, namely the speed of light, it is easier to slow down than it is to speed up. This coupling of v and a is apparent in equation (48), which predicts a non-zero velocity-dependent fringe shift in the Michelson-Morley experiment when performed in an accelerated reference frame. It should be emphasized that the result obtained here is not in conflict with the limited principle of relativity which says that any experiment performed in a reference frame moving with uniform velocity gives the same results as in a reference frame at rest. It does show, however, that this limited principle of relativity does not extend to accelerated reference frames. On the other hand, the results obtained here are in conflict with the broader philosophical principle of relativity which says that all motion is relative and that absolute motion has no physical meaning. It is the possibility of experimentally disproving this broader principle which makes this result so interesting.
There is, perhaps, a more fundamental lesson to be learned here. We have considered only one type of experiment, the Michelson-Morley experiment, and shown that, while it fails to detect absolute motion when performed in an inertial frame, it demonstrates velocity dependence when performed in an accelerated frame. This suggests that we should go beyond the large class of experiments that have been considered in inertial frames (which all fail to detect absolute motion) and reconsider performing them in accelerated reference frames. If we are clever enough, perhaps we can find one with enough sensitivity to measure our absolute velocity.
